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DETERMINATION OF MEAN ELEMENTS FOR 
VINTI'S SATELLITE THEORY 

N. L. Bonavito 

Goddard Space Flight Center 

SUMMARY 

This report presents the orbit improvement method by which 
mean or  Izsak elements that exactly factor Vinti's two quartic 
polynominals are determined by comparison with observations. 
Also included are analytic partial derivatives for the first order 
Taylor expansion of the conditional equations. 
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DETERMINATION OF MEAN ELEMENTS FOR 
VINTI’S SATELLITE THEORY 

N. L. Bonavito 

Goddard Space Flight Center 

INTRODUCTION 

The classical problem of the determination of an orbit of an asteroid from three observations 
is a rather difficult one. In determining the orbit of an artificial earth satellite, most of this dif- 
ficulty can be avoided through modern tracking techniques. These techniques provide a reasonably 
good set  of initial conditions and therefore orbital elements; this gives an orbit. Comparing this 
orbit with one obtained, for example, by radio methods (which gives a good determination of 
directions) we can reduce the problem of improving initial orbital elements to a differential one. 

Assuming the orbital elements a r e  to be determined by an iterated least-square fitting of the 
solution to many revolutions in the orbit results in a set of elements introduced by Izsak; namely,a, 
e ,  qo , p,, p, , and p,. This provides the immediate factoring of the quartics F ( p )  and G ( q )  

(Reference 1). This is in contrast to the numerical factorization of these quartics to the second 
order in the oblateness parameter k,, as shown in the section on prime constants. Also, inaccu- 
racies of the initial observations a r e  taken out, and the effects of forces not considered in the theory 
a r e  accounted for in producing this mean set  of elements. 

First partials for the normal equations a r e  derived for use in the method of direction cosines. 
Since the quantities aE/aqi, a$/aqi, and a4/aqi (where qi for i = 1, 2, . - a ,  6, are a, e ,  T, ,  p ,  , p,, 
and p3 ) a r e  completely general, and functions only of the theory, then first partials for use with any 
method of tracking whatsoever, can be written down immediately. The procedure for obtaining 
aE/aqi , +/hi, and a+/aqi is given and appliedin the section on the partial derivatives. By inserting 
coordinates obtained from initial conditions for each specified time of observation (Reference 2)  
into the normal equations, the results of the iterated least-square procedure will produce the Izsak 
elements and, consequently, coordinate predictions. Classically, the initial coordinates of the sys-  
tem point have been shifted in p, q phase space, such that the continuous evolution of a canonical 
transformation with this new value of the Hamiltonian produces a motion of a mechanical system 
consistent with observation, in this case the satellite orbit. 
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STATEMENT OF THE PROBLEM 

If L, andM, denote the values of the observed direction cosines of a satellite for a given time 
of observation, then the corresponding computed values of these functions are 

where xm, y, , and zm are the corresponding local coordinates: 

The values X, Y, and z define the satellite's coordinates with respect to an earth-centered, right- 
hand, orthogonal inertial system; xT, yT , and zT are the coordinates of the observation point; and 
the matrix A, rotates the local xm, ym, zm frame parallel to the inertial X ,  y, z . The functions a r e  
then 

where 

The subscripts 1, 2, and 3 denote the rows of the product matric ( A , ) - ~  (e - T). Thus, the func- 
tions are obtained for a specified time of observation by inserting into the matrix 5 those values of 
the earth satellite coordinates computed with the Vinti orbit generator (Reference 2). 
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I 
THE PARTIAL DERIVATIVES 

If the following substitutions are made in the 5 matrix: 

x = Y ( P Z +  CZ)(l-?) cos 4 ,  

where 

p = a(1-e cos E), 

then the computed direction cosines Lc and Mc can be expressed as functions of the six parameters 
a, e ,  T ~ ,  E, +, and 6: Here a and e are the semimajor axis and eccentricity and 7 ,  is related to the 
orbit inclination by the expression 7 ,  = sin I .  The parameters E and + are uniformizing variables 
defined as the eccentric anomaly and a variable analogous to the argument of latitude, respectively. 
The element @ is the geocentric right ascension. 

In the expression 

xm , y,, and z m  are functions of the quantities a, e ,  7 ,  , E, +, and 6, where E, +, and 4 are in turn func- 
tions of the elements a, e,  7 ,  , p, , p, ,  and p, . Since the local coordinates are themselves functions 
of the computed interial coordinates, if we denote any one of the elements by q, then 



with 

xf  
= KO,, - aLC 1 

= {m: (xi t y ;  t z m )  2 3 / 2  

Since 

then 

= (AI)-' 

since the xT, Y,, and zT are independent of q i .  Substituting p = a(1  - e COS E) and 77 = T~ s in  $ into 

x = )/($tc2)(1-7)2)cos 49 

gives 
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y = I/[az(1-ecosE)’ +c2] (1-7; s inZ#)  sinq5, 

z = a ( l - ecosE)T ,  s i n # .  

Differentiating x, y ,  and z with respect to a, e, +lo, P I ,  P,, and P, and placing this in the partial 
matrix yields axm/aqi , ay/aqi , and azm/aqi . 

The following procedure is used to determine aE/aqi,  a#/aqi, and W a q i ,  where qi = a ,  e, T,, 

P , ,  P,, orP, : 

With the expressions on page 199 of Reference 1, we compute: 

2. aEO - from the Kepler equation, 
aqi 

, by using v = M, + v, , E = M, + E, = E ,  and the anomaly connections, 3. - avo 

aq i  

aM1, 5.  - 
aqi 

a, 
29, 

7. 1 , by using v = M, + V, t V, , E = M, + E, +E,=  E E, , and the anomaly connections, 



av  
aq; 

11. -5, by using v = M, + vo + v, + v, , E = M, + Eo t E, + E, = E + E, t E,, and the anomaly 

aL  

aqi 
If everything is now substituted back into the equations for -', 

In computing these terms, in addition to the use of the mutual constants (Reference 2) the following 
expressions a r e  utilized: 
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where 

p = a(1 - e Z ) ,  . 

D = (ap - c z )  (ap - cz7$) + 4a2cZ7$, 

D' = D + 4aZc2(1  - qi), 

A = -2ac2D-'(1 - 7 ; )  (ap - cZ$) ,  

B = C ' ~ $ - ~ D :  

1 b = - - A ,  
1 2  

b, = B1/z, 

P - 1  
al = - - ( a + b l )  , 

2 

a2 = [p (a + b,)"] 1 / 2  EpD'D-' - c Z  (1 - $f'z, 

1 /2  
(1 - T i )  # 

c277; 
a3 = az + - 

[apD'D-' - c z  (1 - 7731 

c ?D 
ap D' 

= -, 

C 2  

PZ 
K = -, 

ax aY . 
a a  aa  

K,, = -cos + - s in  
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a x  a Y  a Z  
K , ,  = -- a a  s in  +A sin 0, + - a a  COS +A s i n  e, + F ~ o s  e,, 

a x  a Y  a Z  
K,,  = - a a  s in  +A cos 8, - - a a  cos +A cos 0, t - a a  s in  e,, 

a x  a Y  . K,, = -cos a e  +A + -sin a e  +A, 

ax  a Y  a z  
K,, = - -s in  a e  +A sin 8,  + a e  -cos +A sin 0, t - a e  COS e,, 

a x  a Y  a z  . K , ,  = a, sin +A cos 6 ,  - - cos cos 8, + - s i n  8,, 
a e  a e  

a x  a Y  K,,  = __cos 3, i - sin +A, 
+O ao0 

ax a Y  a, 
a TO a TO 870 

K , ,  = - - s i n  +;, s i n  0, + - cos +A s i n  0, t - COS 8,, 

ax a Y  a z  
a 70 a To +O 

K,,  = - s i n  cos 6, - - cos +A cos 8, i - s i n  e,. 

In these equations 

ad - y - 9  

1 - T i s i n '  + aa aa 
a# X$J s in  4 cos 
- ax X 

- _  aa - ~ p 2 t c z  
a ( 1 - e c o s E )  

ax X x T ;  s i n  + cos + a$ 34 - Y a,' 'e ae  p 2 t c z  
- .. - 

1 - 7 ;  sin2 ,+ 
- -  

a+ 
* 1 - 7 ;  sin',+ a a  a a  

- + X  ->  
a* y 7 ;  s in  +cos + 
- 1 - e c o s E  t a e s i n E  - a Y  Y 

a a  pz t c2 
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aE s in  + + a -q0 cos ,$ + a e v0 s in  + s in  E - aa '  
a Z  
a a  
- _  

a* 
a e  

a z  
a e  - a ~ o ( l - e c o s E ) c o s + -  + a q O s i n $  
- -  

aE 

a 7 0  

a z  
- =  ( 1 - e c o s E )  + a e ~ ~ s i n , + s i n E  - .  
3770 

Now 
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(a  + b , ) e  - a  e (1 + 2) 
a p f  

Also 
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a D '  ap a p  aD'  
D aa 

+ a, + - - + a p D '  

By using 

0 
( - l )r  ( 2 n - 2 r ) !  

r! (n  - r ) ! (n  - 2r)! P n ( 2 )  = r=O 
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where G- = (112) if n is even, and G- = (112) (n - 1) if n is odd, then 

a ( - l ) r  (2n-2  r ) !  

r ! (n - r ) !  (n -2 r ) !  
r=O 

The coefficient of - is taken as Pi aa  "0- b, 

Now 
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Then 

aP  - = - 2 a e .  
a e  

And 
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aD' ap  a p  aD'  aD- - 1 / 2  - = - [P(a t bl)- ' ]  - - t - - t apD' -) [apD'D-' - c2(1  - 4)] 
D ae  D a e  a e  

aa2 1 
a e  2 

- [P (a  t b l ) - 1 ] 1 / 2  (a + b ,  + A ,  + C * ~ ~ A , B , B ; ~ ) - ~  [2 + - 
a e  a e  

- 1 / 2  
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Also 
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I 

where 

Now 

ae' - - a e  2 %  

17 



And 

-f4 [p(a t b,)- ' ]  - 1 / 2  (a t b l ) - 2  [apD'D-' - c2  (1 - 77i)]'/' -' 
2 2770 
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+ ( - 2 ~ , ) ~ / '  ( a + b l  + A ,  + C ~ ~ , ~ A , B , B ; ' ) ' ~  
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And 

Then 

a& 
s i n ?  (1 -e') - -  a v o  - - -  

aa sin(M, t v o ) ( l  - e  cos E)' aa  ' 

de  sin(M, + v o ) ( l  - e cos a e  

aTo sin(M, t v , )  ( 1  - e  cos &I2 370 3770 
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where 

where 
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. 

3 1 

TO 
- 2 ( - 2 a l ) -  sin(2$, +2$o)- ( -2ul )cos(2$s  +2$,) 
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- M, sin E (I - e' cos E)-'  

M: aei 2% - - ( 1  - e' cos s in  & - - e' (1  - e'cos MI s in  & - 
2 ae ae 

e' a& - - ( 1  - e' COS E ) - 3  M: COS & - 
2 ae 

3770 ae')l -:e' ( 1 - e '   cos&>-'^, e' s i n e - - c o s & -  x . ( 2770 
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Then 

( 1 - e2 ) s in  (E + E,) 
av1 - - _  
aa sin(Ms t vo + v l )  [1 - e  COS ( e  +E,)]' 

( 1  - e 2 )  s in  ( & + E ,  j 
- -  av ,  - - 

arlo s i n  (M, + v0 + v,) [1 - e cos (& + E,)] 

aB2 1 a q  1 
t - qB;' s i n ( 2  3, t 230)  - -- q2Bi2 s i n  ( 2 $ ~ ~  + 2$J0) -, 

4 aa  8 aa 

with 
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with 

25 
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3 l a b  3 1 t -b3 (4 t 3e2)- 2- - b4- (4  + 3e2) ??? + z b l  ep-4 
p4 ae 2 2 P5 ae 4 2 2  

and 

with 



9 1 a b  

4 l 2  p3 a~~ 8 
-- e 2 b  b -2 + ?b: ( 6 e 2  

Then 

2% 1 + s i n ( M ,  t v O ) - t A l l c ~ s  ( I , + v 0 )  
aa 

2 + 2 4 ,  cos (2M, + 2.v0) + s i n  (2M, + 2 v 0 )  - aa 

- - q 2 c o s ( 2 + s + 2 + o )  4 1 t -+- 2) t - q 2 c o s ( 4 + ,  t 4 9 , )  (2 - t -  2) 
27 



with 

and 

(2  t 2) t s in  (2M, t 2v0)  - 2 t A,, cos (M, t vo) - 
ae  

a e  aql> 1 

3 2  
+- q ~ i n ( 4 4 ~  + 4 4 )  - I 

28 
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with 

29 



with 

and 

Now 

t [l - e' cos (& t El)] -' - aM2 
a a  ' 

-1 aM2 + [l - e' cos (& +El)] - 
ae ' 

[ (::o +:)e' -cos ( & + E  )- 
370 ae'l _ - -  a E 2 -  M, [ l - e ' ~ o s ( & + E , ) ] - ~  s i n ( & + E , )  - 

370 

aM2 

370 
+ [I - e' cos ( E  +E,)]-' -. 

We now have - a E  , a E  -, and -. aE Also 
3170 a a  ae 

a V 2  - (1-e , )  s i n E  ~ 2 -- 
aa s i n v ( 1  - e cos E), aa 

30 
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Since v = M, t v0 v1 t v 2 ,  

Now, 

av1 t A,, cos (M, t v o )  -- AZlvlsin (M, t vo)  
aa 

a A 2 3  - 4A,, v1 s in  (2M, t 2v0) t s in  (3Ms t 3v0)  - 
aa 

t 3A,, cos (3M, t 3v0)  (2 +. 2) t s in  (4Ms t 4v0)  
aa 
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where 

Also; 

a v ,  
ae + A 2 ,  cos (M, + vo)-- ae A,,v,sin (M, + v o ) ( 2 + 2 ) +  2A2, COS (2% + 2v0) - av1 
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4A,, v1 s i n  (2M, + 2v0) 
3A2 2 

+2vl  COS (2M, + 2 ~ 0 )  - - 
ae 

t3AZ3cos ( 3 M , t 3 v o )  
aA23 

+ sin(3Ms t 3V0) ae 

+- sin(4M,, + 4 v o )  t 4 A Z 4  COS(~M,  t4V0)  
ae 

where 

A2 3 ap 3~,, (1 - e 2 ) ' / 2  - e3 ( - b : ~ - ~  2% a, - -  - - - e - -  - aA23 

a e  1 -e2 P ' e  e P 8 
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And 

av1 aM, avo 
+ A 2 ,  COS(M, t v 0 )  2770 - -A21~1sin(M, t v o ) ( G o  t G) 

av, aA2  2 

O 2770 a70 
t 2A2, C O S ( ~ M ,  t 2~ ) - + 2v1 COS(~M, + 2v0)  - 

aA23 -4A2, v1 sin(2M, + 2 v 0 )  (2 + 2) t sin(3MS t 3v0 ) - 
a70 

t 3 A Z 3  cos (3M, t 3v0)  s i n  (4Ms t 4v0)  

where 
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a+ Wenowhave aa , , and 3 . Also 
270 

Then 
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with 

If m is even 

a 

where 

Here 

I f m  is odd 
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where 

I n - P r  

(2n + 1 - 2r)( -3  
( - 1 ) ' ( 4 n - 2 r + 2 ) !  

r ! ( 2 n -  r t 1)! (2n - 2r + l ) !  Pin+,  = 22n+, I f :  
r = O  

Also 

(4 + 3 e Z )  3 - p-,  (4  + 3eZ) b, 
aa 

Now 

37 



-c2a3 ( - 2 ~ ~ ) - ~ / '  

4 

- c 2 a 3  ( -2a , ) - ' l2  t v  2 t (nA3. c o s n v  - a, + s i n  n v -  ae  
n = l  

with 

where 
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E m  is even 

where 

If m is Odd 

ab, b, ab, 

Also 

3 ab, 3 2 
t (3 t4 t - e b l p - l  +- ($ t c2) (4  + s e 2 )  $ 

P3 2 
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Finally 
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I 

where 

with 

and 

E m  is even 

1 

with, 

B m is odd 

with 
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Also 

And, 

ax  aY 
a 4  a 4 

KZ9 = - cos $A t - s i n $ A ,  

ax aY a z  
K,, = - - s i n  $A s i n  0, t - cos $A s i n  0, t - cas O D ,  

a 4  a 4 a 4  

ax  aY a Z  
a 4  a 4  a 4  

ax aY 
a 4  a 4 

K3’ = - s i n  #A cos 0, - -cos $A cos  6, t - s i n  0, 7 

K,, = - cos ,$A t - s i n  

aY dZ 
ax  s i n  I/, s i n  e, + - cos $A s i n  e, + -cos e,, 
ap2 ap2 

A K,, = -- 

a z  
cos $A cos 0, + - sine, ,  K,, = - s i n  $;, cos OD - - ax  aY 

a 4  ab2 ap2 

a x  aY K,, = - cos $A t - sin$A, 
ap3 ap3 



a x  a Y  a z  
ap3 ap3 a4 

K,, =- - sin 3,  sin OD + - COS $, sin OD + - COS OD 

a, 
ap3 ap3 ap3 

COS +, COS OD + -sin OD K3, = - sin +, cos OD - - ax a Y  

where 

ax X aE X a$ a +  
ap, p2 t c2 ap, 1 - r): sin' + ap, ap, 

r): s i n $ c o s +  -- Y- 3 
- = - a2e s i n E ( 1  - e c o s E )  - - 

a$ 34 - X aE  X 
-y - 3 a ' e s i n E ( 1 - e c o s E )  - - -I$ sin$cos $ - ax 

- -  - 
ap2 P2 t c' ap, 1 - r): sin2 $) a 4  ap2 

- ax  - -  - Y ,  

ap3 

w a4 
ap, p2 + c 2  aP, 1-7: sin2 $ ap, ap, 

r): s i n $  cos$  - + x  -, - Y aE Y - - - a2 e s i n E ( 1  - e c o s E )  - - 

a$ ad 
r): s i n + c o s  + - t x - 1  

Y a E  Y a ' e s i n E ( 1  - e c o s E )  - - a y  - - _  
ap, P' + c2  a 4 1 - -I$ sin' + 2P2 ap2 

a, a* 
a p, ap1 
_ -  - a r), [(1- e cos E) cos 3 - t e s in + sin E - 

aE ap 2 1 + e s i n $ s i n E -  , 
a z  
ap2 
- -  
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In these equations 

aE  _- - 0 ,  
a p3 

where 

44 



aEo e '  cos& aM, 
- -  __ - ap, 1 . - e '  C O S &  ap,  

e' cos & aM, 
-. aE0 - - _  - 

ap, 1 - e '  COS & ap, 

Then 

where 

- - -  - -_. 

ab1 sin(M, + v o ) ( l  - e  cos 

and 

r 

- 3e' (1 - e '  cos M:sin2& - + - , (:;: 31 
45 



aM1 (1 - e '  cos E)" sin e - 
2 ap2 

t M: (1 - e '  cos E)-' cos & - t - 
(:;2 :;:) 

- 3e' (1 - e '  cos M: s in2  E - + - . c; :;)I 
Here 

c: 31 C 2  

2 
.t - ( -  2a1)'/2 (a; - 77; cos (2$bS + 230) - +- , 

(u; - u y  77; cos (2.3, t 2 3 0 )  E2 - t - :;)I ' 

C2 

2 
t - ( -  2a1)1/2 

Also 

1 
4 

+ - q2 B;' COS (24, t 2%) 

46 



+ 2A2, cos (2M, + 2 v 0 )  - (z2 + Z)]  

where 

- 

(1 - e 2 )  sin (8 + E 1 )  

( 1  - e cos (E +E,) )' s i n  (M, + vo + v,) 
av1 - -  ~ 

apz 

Finally, 

47 



where 

- = - (a  + b,)- '  aM2 

a 4  
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av,  
3 / 3 2  

- - COS (Ms + v0)] + 2A2, [$cos (2M, + 2v0) - 2v, s i n  (2M, + 2 v  

+ 3 A ,  COS ( 3 M ,  i 3v0)  (2 - + 2) + 4A2,  cos (4M, + 4 v  0) ( ap, aMs + z)} 

+ - 4 3 q 2  cos (24, + 2$,) (:;; - + - :;I) - - :6 q2 cos (4$s + 44J0) (:;; ~ + $1 
where 

aEo aE, 
( l - e 2 ) s i n ( & + E l  +E2)  

[I - e cos ( E  +E, + E2)] s i n  (Ms + vo + v1 + v2)  

(1 - e2)  s i n  ( & + E ,  + E  

[l - e cos (& + E ,  + E2)] s i n  (M, + vo + v1 + v2)  

49 



Also 

where 
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Similarly, 

Proceeding as before, we obtain the six first partial derivatives of the 'M' equation of condition: 

3 = KO, KJ2 +KO, K,, + KO, K34' 
a 4  
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REMARKS 

Preliminary tests for Explorer XI (1961 v l )  on the IBM 7090 computer indicate that the orbit 
generator portion can compute approximately 1600 minute points (time, X, y, Z ,  k, 9, and i, 1600 
times) per minute of computer operation, while simultaneously producing BCD tape. Consequently, 
since the differential correction for the orbit is an analytic one, it is expected to go proportionately 
as fast as the orbit generator. Also, such expressions as 2A12/e and -AZ3e/l - e', for example, are 
actually computed as 

e2)-"' p-l (-b,b;~'~ + b:~-~), 

in order to avoid the possibility of indeterminate forms. 

The computation of coordinates and the corresponding differential correction for the case of 
equatorial orbits has been completed, as have the first partials for the range and range rate tracking 
method (Appendix A). Both a r e  to be incorporated into the general Vinti satellite orbit computation 
program, alongwith the coordinate changes due to the effects of the residual oblateness potential now 
unaccounted for. A refined version of this satellite orbit computation is to contain corrections for 
aerodynamic and electromagnetic drag and lunar-solar forces. 
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I 

APPENDIX A 

Computation with Range and Range Rate Data 

Since the partial expressions aE/aqi,  and a4/aqi are derived from Vinti's kinetic equa- 
tions, to handle range and range rate data in the orbit improvement method the following procedure 
is utilized. 

Denote the slant range from the point of observation as 

and the range rate as 

The equations of condition now become 

for a given time of observation. Now 
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. . . . . . . . .  

. . . . . .  

. . . . . . . . .  

Also 

. . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . .  

Here 
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and 

Also 

Now 
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Since p = a ( l  - e  cos E) and 7 = rl0 sin $ , then 

a E  - _  1 - e c o s E  + a e s i n E - ,  
a a  a a  

with 

Also 

- [- 2al  (pz  + Ap +B)]-'" c -(p'+Ap+B)2 - a a  
3; ; a e s i n ~  1 

a a  a 
-= - +  

h:(pz+c2) 

where 

_ - -  a A -  2 - ,  
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- 2 7 %  - (7: - .’) 2 2 i -  =To cos $ [ - 2 a 1  (2% aa a72 ”“1 

with 

Then 
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where 

P= a e  sin^ - - cos E , 
a e  a ( a e  aE 1 

with 

Now 

with 
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Also 

where 

Then 

Finally 
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With 

where 

Now 

with 
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Also 

‘ 2  ht(1-7’) )/-) 

where 

Then 
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